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A New Finite Element Analysis of Pile Driving in 
Soft Rock 

Mahmoud Ghazavi∗ 

ABSTRACT: This paper describes a new one-dimensional finite element model for 
pile driving in soft rock. The approach of Smith (1960) is used to simulate the pile 
driver system. The pile is assumed to be elastic, linear, and vertical. It is also 
discretised into a number of simple elements connected at nodes. The soft rock 
resistance acting at the pile nodes is calculated by spring and dashpots and the shear 
resistance of the rock is calculated using the Mohr-Coulomb failure criterion. The 
resistance of the soft rock incorporates a non-linear exponential function to account 
for rate effects resulting from pile driving. The computed values of pore pressures 
generated along the shaft, resulting from shear stresses and changes in total stress are 
compared with laboratory data obtained from an instrumented pile shaft driven in a 
saturated soft rock. These comparisons show that the model predicts the set and 
stresses associated by pile driving well. 

Key words: Piled foundations, pile driving, pore pressures, Mohr Coulomb criterion, 
soft rock rate effects  

1 INTRODUCTION 

The earliest pile driving analysis was carried out using empirical equations in 
which numerous uncertainties were involved. A more soundly based solution, the 
wave equation method, was subsequently employed. This method recognised the 
transmission of energy from the hammer to the pile 

Limited attempts have also far been made to analyse pile driving by a continuum 
finite element method. There is no doubt about the power of such three dimensional 
(or axisymmetric) finite element solutions. However, they are very time consuming 
and rather expensive. Consequently such solutions are impractical to apply in many 
situations. 

This paper presents a simple one-dimensional wave equation method for pile 
driving, using a standard finite element algorithm. The soil is assumed to possess 
elasto-plastic characteristics with a limiting shear resistance determined from the 
effective stress parameters at the soil-pile interface. 

2 METHOD OF ANALYSIS 

 Vertically loaded piles normally remain in the elastic range and possibility of 
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horizontal deformations associated with the vertical loading is often neglected. 
These reasonable assumptions have been made for both static (Poulos and Davis, 
1980) and dynamic (Nogami and Novak, 1976) analysis of piles subjected to vertical 
loads. The pile is idealised as a number of linear elastic elements connected by 
nodes. The soil resistance along the embedded shaft and at the tip due to stiffness 
and damping is incorporated using the elasto-dynamic theory of Novak et al. (1978). 
The hammer, cushion and other parts such as the capblock are represented by a 
series of weights and springs (Smith, 1960). The soil-pile idealisation is shown in 
Fig. 1. The governing differential equation for a soil-pile system subjected to 
dynamic loading is 
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where W(z,t) = pile point vertical displacement at time t and depth z; m = mass 
per unit length of pile; Cp = damping coefficient of pile material per unit length 
(ignored in the present analysis); EA = axial stiffness of pile and P(z) = the 
resistance of the soil per unit length of pile at depth z. The the soil resistance is 
discussed subsequently. Eq. (1) is discretised over the entire length of the pile and 
then assembled, using the standard finite element method (Smith, 1988). The global 
equation of the soil-pile-driver system in the matrix form is 
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where the matrices represent the global mass, damping, and stiffness, 
respectively; the vectors represent the global nodal acceleration, velocity, 
displacement, and external force, respectively. Eq. (2) can be solved numerically, 
using the time-stepping Newmark-α method (Bathe and Wilson, 1976). The time 
intervals used in the time-stepping algorithm should preferably be less than the time 
required for the longitudinal waves to travel from the pile top to tip and return.  

3 RATE EFFECTS 

 The well-known dependence of the resistance of soil on the rate of loading is a 
non-linear phenomenon which is frequently represented by a power law. The soil-
soil and soil-steel interface resistances generally increase when the rate of shearing 
increases, particularly for clayey soil. For sandy soil, this effect is negligible.  

 In soil-pile systems, the soil at the pile-soil interface both along the shaft and at 
the tip is also subjected to time-varying stresses. This effect should also be 
incorporated in a soil resistance model. For example, Smith (1960) incorporated a 
component representing the viscous resistance in his conventional wave equation 
analysis of pile driving. He described the soil resistance to the pile by the linear 
equation 

J.V)+(1R=.R staticdynamic                                                                                               (3) 
where J = damping parameter for the pile shaft or toe resistance and V = velocity 

of the pile shaft or tip. A laboratory investigation of rate effect on the strength of soil 
from normally or lightly to very stiff silty clays by Litkouhi and Poskitt (1980) 
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revealed that during the penetration of the pile model into the samples, the friction 
and the tip resistance of the soil behaved according to the power law 

)VJ.+(1R=R N
sd                                                                                                        (4) 

where Rd = dynamic resistance (tip or shaft), Rs = ultimate static resistance (tip or 
shaft), V= penetration rate of the model pile, J represents the rate effect and N accounts 
for the nonlinear behaviour. The ultimate static soil resistance is discussed 
subsequently. Litkouhi and Poskitt (1980) proposed that the nonlinear damping of the 
clayey soil be considered in the wave equation analysis. They also found that the shaft 
damping values were greater than those of the tip values, contradicting Smith (1960). 
Coyle and Gibson (1970) conducted a triaxial impact test to determine the soil damping 
parameter for sands and clays. They obtained values of 0.2 and 0.18 for sand and clay, 
respectively. 

 The guidance as to values of J and N for the pile shaft or toe, particularly in the 
absence of other data, was presented by Lee et al. (1988) who compiled data from a 
number of sources. Lee et al. (1988) gave Js (shaft) and Jp (tip) for the cohesive soil in 
terms of the undrained shear strength, Jp for cohesionless soils in terms of the internal 
friction angle, while Js for cohesionless soils was found to be negligible. They also 
concluded that N usually lies between 0.17 to 0.37 and generally close to 0.2 for both 
cohesive and cohesionless soils. Hence, they suggested a value of 0.2 for N in the 
absence of experimental data. 

4 SOIL REACTION 

4.1 Elastic resistance 
It has been well established in the elasto-dynamic analysis of pile foundations that 

elastic waves generated at the pile-soil contact propagate in the horizontal direction 
(Novak, 1974). Under plane strain conditions and as long as the soil remains in the 
elastic range, the soil reaction to the pile motion along the shaft, P(z), is commonly 
expressed in terms of impedance functions  

)z(W)iSS(G)z(P 2w1ws +=                                                                                          (5a) 
)z(W)ikk()z(P 21 +=                                                                                                   (5b) 

where Gs = soil shear modulus; Sw1 and Sw2 are functions of the dimensionless 
frequency sV/ra ω= °°  in which r° = pile radius, ω = circular frequency of excitation, 

=sV  shear wave velocity in the soil given by ss /G ρ  , ρs = soil density’, and 1i −= . 
The constants k1 and k2 represent the real and imaginary components of the soil 
stiffness. The latter accounts for energy dissipation in the soil. Because this damping 
generally grows with frequency, and hence resembles viscous damping, it can also be 
defined in terms of the constant of equivalent viscous damping 

ω
k=c 2                                                                                                                               (6) 

 The force-displacement equation then becomes  
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)z(c)Wi+(k=)z(P ω                                                                                                      (7) 

or 

dt
)z(dWc)z(kW)z(P +=                                                                                                 (8) 

where both k and c are real. Eqs. (7) and (8) are identical. Substituting for ω using 
the definition of the dimensionless frequency gives 

2w
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 The variation of Sw1 and Sw2 with the dimensionless frequency are illustrated in Fig. 
2 (Novak, 1974) which shows that at higher dimensionless frequencies the values of Sw1 
and Sw2/ a°  do not vary significantly. It is therefore possible to switch the analysis from 
the frequency domain to the time domain. Lee et al. (1988) proposed that at higher 
frequencies, Sw1 and Sw2 / a°  approach 2.75 and 2π, respectively. Hence, the soil 
resistance along the shaft in the elastic range in terms of frequency-independent 
parameters becomes 

)z(WG75.2)z(P S=
dt

)z(dWGr2 SSρπ+ °                                                                 (10) 

 The soil reaction at the tip of a close-ended pile is approximated by that of a 
vertically vibrating rigid disk on top of an elastic half-space, using Lysmer’s analog 
(Lysmer and Richart, 1966) in which the stiffness and geometric damping are defined in 
terms of frequency-independent factors 
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where Wb  and Wb

°
 represent the tip displacement and velocity, respectively. For 

open-ended piles, the soil stiffness at the pile base is approximated by that of a ring 
given by (Egorov, 1965) 

)()1(
rG2k

s

s
b ηΩν−

= °                                                                                                          (12) 

where νs = Poisson’s ratio for the soil, oi r/r=η , ri and ro are inner and outer radii 
of the pile, respectively, and )(ηΩ  is a function of η . 

 The radiation (geometric) damping coefficient for the ring is given approximately 
by (Gazetas and Dobry, 1984) 
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 Thus, for open-ended piles the soil resistance to the tip motion in the elastic range is 
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 Eqs. (10) and (11) or (14) describe the load-deformation characteristics of the soil, 
which is treated as an ideal elasto-plastic, in the elastic range.  

4.2 Soil Ultimate Resistance 
Recent field tests carried out on highly sophisticated instrumented piles jacked into 

normally to highly over-consolidated clays have shown that the ultimate shaft resistance 
of soils is controlled by the effective stresses. Lee et al. (1988) consider that the soil 
failure occurs when only the soil spring force reaches the dynamic limit which has been 
augmented by incorporating rate effects. Here, the same criterion is adopted. However, 
it is assumed that the ultimate static shear resistance of the soil spring (soil static shear 
resistance at the soil-pile discontinuity along the shaft) is reached when the stress state 
satisfies the Mohr-Coulomb failure criterion 

irf ctan ′+Δσ′=τ                                                                                                                         (15) 

where τf = ultimate static skin friction developed along the interface, ′ci  = effective 
adhesion between the pile and the soil material, Δσ′ tanr  = Coulomb friction at the 
interface, ′σ r  = effective stress normal to the pile face, and Δ = angle of friction 
between the pile and the soil. The adhesion ′ci  is normally reduced to a low value due 
to the remoulding effects which accompany pile installation and thus may be ignored. 
Δ and ′ci  are strongly dependent on the soil type, the surface of the pile, and the stress 
state in the soil. The ultimate static resistance of the soil at the pile tip is here assumed 
to be given by the conventional value, 9cu., where cu = undrained shear strength of soil. 
Since a direct measurement of ′σ r  is impossible, it is determined using Terzaghi’s 
principal of effective stress. Consequently, a knowledge of the total radial stress and the 
pore pressure is essential. 

4.3 Radial Stresses 
The initial total radial stress (prior to a hammer strike) may be expressed by 

°
σ=σ v1r m                                                                                                                                    (16) 

whereσ r  = radial total stress, σ v°
= overburden pressure, and m1 = an appropriate 

value. The increment in the radial total stress due to the expansion and contraction of 
the pile cross-section, due to the Poisson’s ratio effect, during one hammer blow for the 
plane strain case may be expressed by 

ppsr G2 εΔν=σΔ                                                                                                                         (17) 

where νp = Poisson’s ratio of the pile material and Δεp = increment of axial strain 
developed in the pile. Eq. (17) is applied at each nodal point. Due to the very short 
duration of a hammer blow, it is reasonable to assume that the degree of relaxation of 
the radial total stress along the shaft is negligible; thus the Poisson’s ratio of the pile 
material is the only source of the variation in total radial stresses which in turn generates 
excess pore pressures. 
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4.4 Pore Pressures 

In the pile driving model, it is assumed that, due to the rapid rate of loading, the pore 
pressure does not dissipate, that is undrained conditions prevail. The initial pore 
pressure prior to a hammer blow may be calculated from  

°= UmU 21                                                                                                                                   (18) 
where °U  = hydrostatic pore pressure, and m2 varies with the time elapsed since the 

previous hammer blow and the soil type. The total pore pressure at any depth may be 
calculated by summing the initial value and the increments of pore pressure generated 
within a given time interval. 

 Skempton (1954) proposed the expression for the excess pore pressure in a soil 
element under undrained conditions 

)](A+[B=U 313 σΔ−σΔσΔΔ                                                                                                  (19) 
where Δσ1  and  Δσ 3 are increments of major and minor total principal stresses, 

respectively, and A and B are coefficients known as Skempton’s pore pressure 
parameters. Eq. 19 does not take into account the effect of intermediate principal stress. 
Consequently Henkel (1960) suggested the following general expression taking this into 
consideration: 

τΔσΔΔ ∗∗
octoct A+B=U                                                                                                          (20) 

 
where 

2
1-3A=A∗                                                                                                                                    (21) 

 The values of A are determined using triaxial test data. Negative values for ∗A  are 
expected, for example, in the case of over-consolidated soil which dilates on shearing.  

 For fully saturated soils, it can be demonstrated that (Bjerrum, 1969)  

)K/K(n1/(1B w+=                                                                                                                    (22)  
where n = porosity of the soil element; Kw = bulk modulus of pore fluid (water); and K = bulk 

modulus of soil skeleton. Both Kw and K may vary non-linearly with stress. However, if it is 
assumed that Kw is several orders of magnitude greater than K, B ≅ 1. Using Eq. (20), strain 
compatibility, and equlibrium equations, it is possible to evaluate Δσoct and Δσoct. Ultimately, the 
pore pressure generated is given by 

τΔσΔΔ ∗ 2
rz

2
rg +

3
6A=u                                                                                                (22) 

5 SUMMARY OF THE MODEL 

 In the present numerical approach, the increments of pore pressures and radial total 
stresses at nodal points along the pile shaft are computed within each time interval and 
added to the preexisting total pore pressures and radial stresses. The effective stress 
normal to the pile face is then calculated, using the principal of effective stress. The 
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ultimate static resistance is determined and enhanced using the nonlinear power law 
representing the rate effect (Eq. 4). The soil spring ultimate compressive resistance at 
the tip is evaluated using the conventional expression 9cu and enhanced by the 
corresponding rate effect value. The dynamic ultimate forces in the soil springs are then 
compared with the current dynamic forces in the corresponding springs. If the current 
force at each spring does not exceed the ultimate resistance, the soil behavior remains 
linear elastic. This implies that there is still sufficient bond between the soil and the pile 
that elastic waves can still propagate across the soil-pile interface and greater shear 
stresses can be induced into the soil, changing the pore pressures. If the current force 
equals or exceeds the ultimate resistance, the soil has reached the plastic range. This 
implies that the bond between the soil and the pile is broken, that the propagation of 
elastic waves across the soil-pile interface ceases, that shear stresses are no longer 
induced in the soil, and as a result, pore pressures no longer vary. In the numerical 
model, the change from linear elastic to plastic behavior is implemented simply by 
disconnecting the appropriate dashpots. The dashpots are reconnected if the current 
dynamic spring force drops below the enhanced ultimate resistance. This implies that 
the soil has been re-bonded to the pile and the propagation of elastic shear waves 
resumes across the soil-pile interface. 

6 COMPARISON WITH SMALL-SCALE LABORATORY TESTS OF 
NISHIDA ET AL. (1986) 

 Nishida et al. (1986) performed a series of laboratory pile driving tests in a 
remarkably homogeneious mudstone using the instrumented model pile, and test 
apparatus, and data processing system. The model pile used was a steel pipe 100 cm in 
length. A solid steel bar was used as the hammer. Two pairs of semi-conductor strain 
gages were mounted on the outer surface of the pile, at a distance of 40 cm from the pile 
head. The strain gages were arranged to constitute a Wheatstone bridge circuit so that 
the measured waveforms were not affected by flexural stresses accidentally induced in 
the pile in the case of an “imperfect” longitudinal impact. An electric switching circuit 
between the pile and the hammer was used to measure the duration of impact between 
the two. The pile was pushed into the soil by the hammer at different heights. The pile 
displacement and driving stresses were recorded for hammer drops of 20, 30, and 45 
cm. The geometry and mechanical parameters of the pile and hammer are summarized 
in Table 1. 

Table 1. Pile and hammer characteristics (after Nishida et al., 1986) 
DESCRIPTION PILE HAMMER 
Length (m) 1.0 0.97 
Outer diameter (mm) 25 30 
Inner diameter (mm) 20.5 - 
Sectional area (mm2) 161 707 
Mass density (t/m3) 7.87 7.87 
Young’s modulus (kPa) 218 610×  219 610×  
Bar wave velocity (m/sec) 5150 5250 
Mechanical impedance (kN.sec/m) 6.52 28. 93 
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 The soil material used in the experiments was a diatomaceous mudstone that was 
sampled in the form of undisturbed blocks with sides 40 cm in length, from Suzu, at the 
Noto Peninsula, Japan. The mudstone was fully saturated even in the field. Despite its 
high value of natural void ratio, it has the relatively high unconfined strength of 1766 
kN/m2 and a tensile strength of 363 kN/m2. Characteristics of the mudstone determined 
in the laboratory have been reported by Sekiguchi et al. (1985) and are summarised in 
Table 2. 

 Assuming no reduction in hammer efficiency, the initial velocity applied from 
the hammer to the pile head is calculated using  
v gho = 2                                                                                                                       (23) 

where g is the acceleration due to gravity, and h is the drop height of the 
hammer.  

The test procedure was as follows. A mudstone specimen, 30 cm high and 29 cm 
in diameter, was first prepared by trimming a mudstone block. This was then drilled 
to form a borehole 24 mm in diameter, which is slightly smaller than the outer 
diameter of the pile. The pile was then jacked into the pre-drilled bore hole at a 
constant rate of 0.05 cm/min, until the pile toe cleared the base of the block. The pile 
was then unloaded completely to make it accessible to the driving equipment. 
During impact driving, the pile toe did not meet soil resistance. In all experiments, 
only 20 cm of the pile shaft was in contact with the mudstone block. 

The new pile driving model mentioned above was applied to the prediction of the 
response of the model pile. During the hammer impacts undrained conditions 
prevailed due to very low permeability of the diatomaceous mudstone (Matsumoto, 
1995). The mudstone specimen was fully saturated, as required by the new model. 

 

Table 2. Index properties of diatomaceous mudstone (after Sekiguchi et al., 
1985; Nishida et al. 1986) 

DESCRIPTION VALUE 
  
Natural water content (%) 128 
Natural void ratio  2.76 
Degree of saturation (%) 100 
Unit weight (t/m3) 1.31 
Dry unit weight (t/m3) 0.57 
Specific gravity 2.16 
Liquid limit (%) 151 
Plastic limit (%) 93 
Unconfined compressive strength (kPa) 1760 
Tensile strength (kPa) 360 
Shear modulus (kPa) 39200 
Undrained shear strength (kPa) 850 

 
The diatomaceous mudstone exhibits a soft rock (Matsumoto, 1995), thus an 

interface angle of 50 deg and an effective adhesion of 300 kPa were assumed for this 
material based on back-analysis of recorded sets in the laboratory by Nishida et al. 



 
 

3rd Iranian Rock Mechanics Conference, 16 - 18 October 2007 
Amirkabir University of Technology, Tehran, Iran 

 

  
1199 
  
  
  
  
  

(1986). Field tests performed by Matsumoto et al. (1995) revealed that positive pore 
pressures are generated around a pile driven in the mudstone. A value of 1 was 
therefore appropriate for the Skempton pore pressure factor in the present analysis. 
The rest time between consecutive tests used by Nishida et al. (1986) was 10 
minutes. Matsumoto et al. (1995) observed a very rapid set-up in the mudstone 
during the re-consolidation. Based on this observation, the same parameters for the 
mudstone were used in the analysis for all hammer drop heights. The input hammer 
velocity corresponds to the drop height. 

 The computed and measured variation of the pile head displacement (sets) with 
time for three hammer drop heights are compared in Figure 1. The measured final 
displacements of the pile head were 1.8, 2.4, and 3.5 mm for drop heights of 20, 30, 
and 45 cm, respectively. The measured displacement of the pile head corresponds to 
the set achieved under one hammer impact. There is a reasonably favorable 
agreement between the computed and measured the displacements of the pile head. 

There is a generally good agreement between the measured and calculated data, 
particularly for the first 0.8 ms when peak stresses develop in the pile. It is notable 
that, since no capblock and cushion were used in these tests, as long as no separation 
occurs between the pile and the hammer, the pile head and the hammer base undergo 
exactly the same time-displacement history. This facilitates the estimation of the 
approximate time of separation and re-striking based on the stress-time history. The 
separation time is that when tensile stress is first developed in the hammer element 
in the numerical analysis. When this occurs, a reduced elastic modulus and mass 
density are introduced into the numerical analysis. When the longitudinal stress in 
the hammer element again becomes compressive, the re-striking time has been 
reached and the original elastic modulus and mass density are restored. This 
procedure continues until the effects of the hammer impact vanish. 

 Figure 1 shows that the oscillatory characteristics of the pile movement are 
captured well. This is to be expected since the soil radiation damping component is 
significant and the rate of increase in the pile head displacement decreases as the 
stress waves are dissipated more rapidly. This becomes more significant as energy 
delivered from the hammer to the pile diminishes (lower drop). 

It is also of interest to examine the effect of the limited extent of the sides of the 
mudstone specimen on the pattern of shear waves reflected back into the mudstone 
from its perimeter. This may make complicate the wave propagation pattern within 
the specimen and create what is known in dynamic analysis as the “box effect”. 

 Han and Novak (1988), who investigated the effects of the presence of a two-
media interface on the stiffness and damping characteristics of soil-pile system, 
showed that such an interface can have only a small effect on the stiffness. However, 
it has a profound effect on radiation damping, particularly at higher frequencies. 
Nevertheless, Han and Novak (1988) pointed out that this phenomenon is less 
significant than pile separation. 
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Figure 1. Comparison of measured and calculated sets for various drops 

 The computed and measured longitudinal stresses generated on pile driving for 
the drops of 20 cm, 30 cm, and 45 cm are shown in Figure 2. 
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Figure 2. Comparison of measured and calculated longitudinal driving 
stresses in pile for various drops 

It is also necessary to determine the time required that shear waves travel from 
the pile to the side of specimen and return. The shear wave velocity in the mudstone 
is given by sss /Gv ρ=  using the reported shear modulus Gs and mass density ρs. 
The time required for the shear wave to travel from the pile face to the outer point of 
the mudstone specimen and return is about 1.7 ms, which is slightly less than the 
maximum time of 1.8 ms during which data were recorded in the experiment. 
Moreover, the propagation of elastic shear waves ceases across the mudstone-pile 
interface once failure occurs. Hence, in this case study, the radiation damping 
component vanishes at some time during a hammer impact. As a result, the “box 
effect” is negligible. 

7 CONCLUSIONS 

 A one-dimensional finite element analysis of a pile-soil system during driving in a 
saturated soft rock has been presented, which incorporates a soil failure controlled by an 
effective stress scheme rather than the empirically based criterion used in other recently 
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available solutions. The elasto-dynamic theorem has been used to account for the loss 
of energy in the soil by radiation damping. Rate effects have been incorporated using an 
experimentally-based nonlinear power law which deals with the rapid loading action of 
pile driving. The fundamental soil mechanics parameters involved are the shear 
modulus Gs, the soil density ρs, Poisson’s ratio, and the rate effect coefficients. The soil-
pile interface parameters incorporated in the model are the drained adhesion and the 
friction angle between the pile material and the soil, which account for the limited bond 
at the interface. The change in pore pressures and the total radial stresses resulting from 
the expansion and contraction of the pile cross section are computed and used to 
determine the effective normal stress.  

 The model has been used to predict the sets and driving stresses induced into two 
instrumented piles embedded in a saturated soft rock. Encouraging agreement exists 
between the measured data and predictions, confirming the utility of the numerical pile 
driving model. 
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